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In a recent paper, Roseman [I] has considered the partial differential equation 
Cijm&,iU,jU.mn = 0 (1) 
for the function u = u(xr , us) defined on the semi-infinite strip 0 < x1 < co, 
0 < xa < h. Here u,~ stands for the partial derivative of u with respect to xi , 
repeated subscripts are summed over the values 1 and 2, and the cijlnn are 
constants. If u satisfies the boundary conditions 
U(% , 0) = u(xl ) h) = 0, o<x,<m, (2) 
on the long sides of the strip and tends to zero together with its first derivatives 
as x1 -+ GO, Roseman shows that the decay of u as x1 + co (and of its derivatives 
of all orders) is exponential. His proof is based on integral estimates and Sobolev’s 
lemma. 
A suitable choice of the constants cijnlll in (1) furnishes as a special case the 
equation 
where c is a constant. If c = 1, (3) is the partial differential equation for minimal 
surfaces; if c = 0, (3) reduces to Laplace’s equation. If c > 0, as is assumed here, 
(3) is elliptic at every solution u. The case c > 0 is reducible to the minimal 
surface equation (c = 1) by a change of scale. 
In the present note it is shown that, for the special case (3), an explicit expo- 
nential decay estimate for solutions u on the semi-infinite strip which satisfy (2) 
can be obtained with the aid of a maximum principle for nonlinear second-order 
elliptic equations. (See, for example, [2, p. 1511.) The argument used here is 
much simpler than that needed by Roseman in [l] to deal with the more general 
case (I), and it shows that, in general, solutions of (3) on the semi-infinite 
strip decay at least as fast as do solutions of Laplace’s equation. 
Spatial decay estimates based on a maximum pi-inciple have been constructed 
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for various linear (and in some cases nonlinear) elliptic and parabolic partial 
differential equations in [3-61. 
For the Laplace equation, corresponding to c = 0 in (3), it is a simple matter 
to show that all solutions u which are continuously differentiable on the closed 
semi-infinite strip, satisfy the boundary conditions (2) and vanish at infinity 
decay exponentially with spatial decay constant not less than n/h: thus for such 
solutions 
0 < x1 < co, 0 -( x, s; h. (4) 
Here 
(5) 
M is finite because ~(0, x2) is continuously differentiable for 0 < xa < h and 
vanishes at x2 = 0 and xa = h. For Laplace’s equation the decay constant r/h 
is the best possible. 
It will now be shown that (4) also holds with M given by (5) for solutions u 
of (3) satisfying the boundary conditions (2) and vanishing at infinity. Thus the 
presence of the nonlinear terms in (3) does not in general reduce the spatial 
decay rate. 
To prove this result (the proof also in fact establishes (4) and (5) for the 
Laplace equation), let u be continuously differentiable on the closed semi- 
infinite strip, twice continuously differentiable on its interior, and satisfy the 
differential equation (3) with c 2 0 as well as the boundary conditions (2). 
Suppose that 
u(xl , x2) 4 0 as x1-=), uniformly in x2 , 0 ,( x2 < h. (6) 
Set 
z~(xr , xa) = M exp( --xX,/h) sin(rx,/h), (7) 
where M is given in terms of u by (5); th us v is the solution of Laplace’s equation 
which satisfies (2), vanishes at infinity, and takes the values M sin(rrx,/h) at 
x1 = 0. Note that v is nonnegative and, by (5) and (7), that 
-v(O, XJ < up, x2) 6 v(O,xJ, o <xxz <h- (8) 
Also 
@I 10) = v(x1 , 0) = u(xl , h) = v(xl , h) = 0, o,<x,<m. (9) 
Next, a direct calculation furnishes 
L[v] == -(rr/h)4 M”c exp(-3rx,/h) sin(nx,/h) < 0. (10) 
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In order to prove that ) u 1 < w on the closed semi-infinite strip, one first sets 
w=a+c, (11) 
where E is an arbitrary positive constant. Because of (6) and (7), it is possible 
to choose Z(E) > 0 so that 
I 4x1 > %)I < 42, $x1 , x2) < 4, for xi > Z(e), 0 G x2 < h. (12) 
It follows that 
4x1 9 x2) - 4x1 > x2) G I 4x1 , %)I + 4x1 9 x2) < (4) + (42) 
E for x1 >, E(E), 0 < x2 e h, 
(13) 
so that 
U(XI , x2) < =+I > 4, for Xi 3 Z(E), 0 < x2 < h. (14) 
Let D, be the rectangular domain defined by 0 < x1 < 1(c), 0 < x2 < h. From 
(8), (9), (11) and (14) one concludes that 
U<W on the boundary of D, . (15) 
Moreover (3), (lo), and (11) yield 
L[w] = L[w] < 0 = L[u] on D, . (16) 
In view of (15) and (16), a maximum principle for second-order nonlinear 
elliptic equations (see [2, p. 1511) immediately shows that 
U(% 9 x2> < w(x1 , x2), 0 < x1 < Z(e), 0 < x2 < h. (17) 
Combining (14) and (17) and b earing (11) in mind, one obtains, for every E > 0, 
u(x1 , $1 < B(Xl 9 x2) + E, O<x,<co, Odx&h, (18) 
so that 
4% 9 x2) G 4x1 > XL?), O<x,<oo, O<xx,<h. (19) 
A similar argument shows that 
-4% ,x2) G 4x1 > x2), O,(x,<co, O<x,<h; (20) 
(19) and (20) are equivalent o 
I 4% P %>I G 4% 7 %A 0 < x1 < co, 0 < x2 < h. (21) 
Inequality (21), together with (7) immediately shows that (4) holds with M 
given by (5) for all sufficiently smooth solutions u of the minimal surface qua- 
tion (3) satisfying the boundary conditions (2) and (6). 
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